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Thermal stress generated during a thermal shock is closely related to the fracture of
ceramics. An attempt has been made to obtain thermal stress in a specimen by numerical
calculation. The temperature dependence of thermal conductivity and diffusivity were
introduced to realize the practical thermal conditions. The maximum thermal stress, cax,
was recognized at the Fourier number, but differed from the temperature dependence.
Correlative equations of chax and nfax with the Biot number, Bi, under cooling or heating
tests, have been proposed. These equations resulted in the exact 6fhax and nj, compared
with the previous equations, in which temperature dependence was ignored. The thermal
shock resistance parameter was expressed by the correlative equations of cfax in order to
suggest adequate experimental conditions and specimen size. A comparison of the
measured and calculated time to failure of the specimen led to confirmation of the fracture
criterion. The measured time disagreed with the calculated one, if the fracture by thermal
shocking was not predominant. The correlative equations were also useful to select the kind

of ceramics subjected to thermal shocking.

1. Introduction

Many methods have been proposed for the evaluation
of thermal shock resistance of ceramics. The water-
quenching method has been widely used in industry.
In this method, the heated specimen is immersed in
water and the residual strength is measured to define
the critical temperature difference, A6,. On the other
hand, for the rapid heating method, the decrease of
strength is estimated by heating the specimen partially
with infrared radiation, etc. However, the temperature
dependence of thermal properties of ceramics has been
ignored in these methods when calculating the ther-
mal stress of the specimens.

In general, thermal conductivity and specific heat
are significantly different for ceramics and change
easily with temperature. These thermal properties
greatly affect any evaluation by the thermal shock test.
However, it is difficult to evaluate the thermal shock
resistance of different ceramics with specimens of the
same size because of the difference in their thermal
properties. For example, a large specimen is needed
for ceramics with large thermal conductivity. Sec-
ondly, ceramics subjected to a thermal shock are de-
stroyed partially or entirely when maximum thermal
stress is generated in them. However, the elastic strain
energy remaining after the thermal shock test also
affects the fracture of ceramics, prolonging the time to
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failure. Therefore, it is desirable to measure the time of
fracture in thermal shock tests.

Many analyses of maximum thermal stress have
been performed assuming constant thermal properties
throughout the experiment. In the previous paper [1],
the temperature dependence of thermal conductivity
was found to contribute more to the maximum ther-
mal stress during the thermal shock test. However,
thermal diffusivity is also considered to affect the
maximum thermal stress and Fourier number. This
factor has not thus far been reported in the literature.

In the present work, thermal stress in an infinite
plate was calculated numerically, by considering the
temperature dependence of thermal conductivity and
thermal diffusivity. Then, correlative equations of the
maximum thermal stress and Fourier number were
proposed as a non-linear function of the Biot number.
A suitable size of specimens for the thermal shock test
was suggested by using these equations. These numer-
ical results are important as guidelines to estimate the
exact thermal shock resistance and to select suitable
ceramics for specific conditions.

2. Numerical method
Thermal stress and other parameters were easily
obtained experimentally by the water-quench test,
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supposing the heat conduction to be a one-dimen-
sional problem [2]. Therefore, a numerical analysis
was performed under the same condition for an actual
thermal shock test, where thermal stress was gener-
ated in an infinite plate by the rapid heating or cooling
of both surfaces. In this case, the following thermal
conduction equation is given with the initial and
boundary conditions

0/0E[x*(@T/0g)] = oT/om; 1)
OT/oE = 0 at & = 0 (3)

TOT/RE = BT — /A" at& =1 ()

Non-dimensional thermal conductivity, A*, and
thermal diffusivity, x*, in the above equations were
expressed as a function of temperature, 0.

Moo= Mh o= 1+ AT )

k* = x/x; = 1 + BT (6)
where T is the non-dimensional temperature shown as
(6 —8;)/(6; — 0,) with temperature, 0. The non-dimen-
sional length, &, is x/I, where x is the length from the
centre and / is one-half the infinite plate thickness; 1 is
the Fourier number shown as xz/I* and B; is the Biot
number shown as hil/A, where ¢ is time and % is heat-
transfer coefficient; « is defined as A/pC,, where p is
density and C, is specific heat; and the subscripts i and
f are the initial and final condition, respectively.

The coeflicients 4 and B in Equations 5 and 6 are
the coefficients of temperature dependence, denoted as
temperature constants in this study. The non-dimen-
sional thermal diffusivity, «*, was used instead of
specific heat, C,,, for the following reasons. Thermal
diffusivity is defined and expressed by thermal
conductivity and specific heat. Thermal diffusivity is
used in Equation 1 and numerical calculation
becomes easy and simple using «*.

Equations 1-4 were rearranged to obtain the ap-
proximate thermal stress by the difference method,
using the single-valued function of temperature F,
F = [§ x*dT proposed by Goodman [3]. The follow-
ing equations were thus obtained

0/0E[x*(BF/OE)] = OF/om; ()
F =0 atn =0 (8)
3Ffot, = 0 at& = 0 9

+OFOE = BF[x*/A*] at& = 1 (10)

Where F; = 1/B[1 + (1 + 2BF)}/?] — 1. The details
are given in the Appendix. The partial differential
equation of Equation 7 was solved numerically by the
Crank—Nicolson (implicit) method [4]. In this calcu-
lation process, the approximate difference equation of
time and that of conditions were applied to the left
side and right side of each equation, respectively.
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Compared with the previous (explicit) method [1],
high secondary accuracy of time, stable calculation
and a relatively small amount of calculation were the
advantages of this method.

The temperature distribution of the specimen with
time was calculated under constant B; and temper-
ature coefficients 4 and B. The mean temperature
along the thickness of the infinite plate, Tnean, Was
given by

T
Tmean = J\ T(g) d& (11)
0
Thermal stress under a given Fourier number, 1, can
be calculated as follows [5]

6*((:) = Tmean - T(g) (12)

where o* is the non-dimensional thermal stress shown
as o¢/[2EAQ], o is fracture strength, o is thermal
expansion coefficient, E is Young’s modulus, and A6,
the absolute value of 8; — 0;, is the temperature differ-
ence in the thermal shock test. The maximum tensile
stress is generated at & = 0 (surface of the specimen)
for rapid heating and at £ = 1 (centre of specimen) for
rapid cooling, respectively. The curve of ¢* with n has
a maximum, so the maximum thermal stress c,, is
judged from the positive or negative (o} — o, ;)
value. The subscript n indicates the nth value divided
by the Fourier number, 1. Fourier number at max-
imum thermal stress is expressed as 1,y

3. Correlative equations

3.1. Correlative equation of maximum
thermal stress, G ax

Maximum thermal stress, 6,,, was calculated by the

above method, where the temperature coefficients

of thermal conductivity and thermal diffusivity were

used. From the numerical results, the relation between

1/ck, and 1/B; was not expressed as the following

linear function [6]

l/ohax = a + b/ (13)

Therefore, a corrective term was introduced on the
right-hand side of the equation

1/Gr>xr<1ax = a5 + bs/Bi + (1 - as)exp(CS/Bi + ds)
(14)
on rapid cooling

loka = e + f/Bi +gsexp(—2/B) (15)
on rapid heating.

Parameters a,—¢g, were obtained by the least squares
method. The subscript s in Equations 14 and 15 refers
to the parameters related to the determination of 6%,,.
The two equations were proposed due to the different
convex and concave curve, where a monotonic in-
crease was observed. On rapid cooling, parameters
a, and b, depended on the temperature coefficients
A and B; ¢, and d, depended only on A. On rapid
heating, all parameters e, f; and g, depended on the
temperature coefficients 4 and B. The numerical re-
sults of the correlative equation of c¥,, are given in



TABLE I Correlative equations and parameters of maximum
thermal stress

TABLE 11 Correlative equations and parameters of Fourier
number at maximum thermal stress

Correlative equation on rapid cooling
1/0:13)( =a, + bs/Bi + (1 - as) exp(cs/ﬁi + ds)

a, =X, + X,exp(X;B) X, = 0734 +0675 (4 + 1)°>7°
X, = —0135+0.247 (4 + 1)0.441
X3 =—0378 - 0949 (4 + 1)~0-638

Yy= 2181 + 1.099 (4 + 1)°-31°
Y, = — 1.902 + 1.692 (4 + 1)%-04°
Ys = — 0.539 + 0.556 (4 + 1)7%-024
Cs= —6.163 — 2213 (4 + 1)~ 1434

dy= —0.179 — 0.144 (4 + 1)70-7*°

bs=Y,+Y,B+Y;B?

Correlation equation on rapid heating
1/G;‘:mx =€ +fs/Bi + gsCXp( - 2/[31)

e, =X, + X, exp(X,B) X, =—2198 +3.562(4 + 1)0.379
X, = —0.539 + 2678 (4 + 1)°:390
X;= 0039 —0925 (4 + 1)7041

fi=—B4+ Y, +Y,(B+1)7%4
Y= 0.550+2780(4 + 1)—0.343
Y,= 9.620 —6.639 (4 + 1)—-0.134

Z, = —4214 + 5264 (4 + 1)~0.24s
Z,=—0777 —1.222 (A + 1)*9%°
Zy = —0.006 — 0.846 (4 4 1)79-852

gs=Z1 + Z,exp(Z3B)

Table L If the temperature dependence is ignored, that
is A = B = 0, the parameter ¢, = 1.51 and b, = 3.29 at
rapid cooling, while e, = 3.49 and f, = 6.33 at rapid
heating. These values agreed with the previous cor-
relative equation [1].

3.2. Correlative equation of the Fourier
number, T]r#):']ax, at Grﬂ;ax

Measured time to failure on the thermal shock test
must agree with that calculated at maximum thermal
stress, if the specimen is destroyed only by the gener-
ated thermal stress. Rogers et al. [7] obtained experi-
mentally the distribution of failure probability as
a function of time to failure. In this study, the follow-
ing correlative equations of Fourier number, ng,,,
were used

Nhex = & + b (16)
on rapid cooling

IMia = di + ecexp(fi/By) 17

on rapid heating.

Parameters a,—f, were obtained by the method of
least squares. The subscript ¢ in Equations 16 and 17
refers to the parameters for determination of nZ,,. All
parameters were dependent on the temperature coeffi-
cients 4 and B. The numerical correlative equations of
Fourier number, nk,,, at o, are listed in Table II.

4. Discussion

4.1. Accuracy of temperature constants A
and B

Satymurthy et al. [8] used the following approximate

equation to express the thermal conductivity as a

Correlative equation on rapid cooling
Niax = G + by B!

a=XA+ XA+ D12 X, = —0003+0.018 (B + 1) 077

X,= 0.029 — 0.053 (B + 1)~ 0308
by=Y + Y, A+ Y3(A+1)%5 Y, = 0819 — 0451 (B + 1)°28°
Y, = 0.385—0.330 (B + 1)°:°85

Y; = — 0.542 + 0.391 (B + 1)°-}83

Z, = 0336 —0.844 (B + 1)°>20°
Z,= 0235-0.030 B+ 1)*0423

=21+ ZIn{4+1)

Correlative equation on rapid heating
1Mt = di + ecexp(f/B3)

do =X, — 0.65exp(X,4) X,

It

3.723 + 0.620 (B + 1)°-238

Xy = —0954—0.191 (B + 1)*-236
e =Y+ Yyoxp(—084) Y, = 0913 42399 (B + 1)°9°2
Y,= 0.696 + 0.808 (B + 1)°:51?
fi=2Z, 54 +1)" Zy= 3723 +0620 (B + 1)°98

Z, = —0954 —0.191 (B + 1)*-2%7

function of temperature
A= Ao/O + Ay (18)

where A, and A, were constants, However, this equa-
tion was only applied to a rapid heating test, where the
thermal conductivity decreased with temperature in-
crease. It is not reasonable that A* becomes infinite at
T =0 in the non-dimensional form. In the present
study, thermal conductivity and thermal diffusivity
were defined by Equations 5 and 6, where these values
could be expressed as a linear function of temperature
within the experimental range. These expressions were
earlier used by Koizumi and Taniwaki [9] to obtain
the thermal stress of the cylindrical specimen in the
cooling test.

To determine the temperature coefficients from the
thermal properties, the measured thermal conductiv-
ity and diffusivity were normalized as the non-dimen-
sional A* = A/A;, ¥* = K/k;. These values were plotted
with the non-dimensional temperature, T, to approx-
imate with Equation 5 and 6. The slope of the straight
line showed the temperature coefficient A or B. Thus,
the temperature coefficients A and B often change
with the temperature difference, A, in the thermal
shock test. The subscript obs indicates the
experimental value. Alumina showed small A8, and
the linear temperature dependence caused the
constant values of 4 and B. However, the difference
between measured and calculated values from
Equation 5 or 6 cannot be ignored for ceramics having
a scattered A6, in thermal shock test. For example,
silicon nitride showed the large critical temperature
difference, A6,, and a non-linear temperature
dependence. It is not reasonable to give a temperature
coefficient throughout the experiment.

In practice, it is desirable to carry out the numerical
calculation at AB,,, near the AB, measured previously
by other methods. In the case of scattered A8, the
use of a large specimen or a curve approximation
of the temperature dependence is recommended. The
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preparation of a large specimen makes it easier to
perform the test, so the specimen should be large to
reduce the difference between coefficients A and B.

4.2. Effect of temperature coefficients A
and B on thermal stress
4.2.1. Rapid cooling condition
The changes of thermal stress on the specimen surface
with time are shown in Fig. 1 for rapid cooling, The
curves had different temperature coefficients A4 and B.
The maximum in each curve corresponded to the
maximum thermal stress, ¢,,, and Fourier number,
Nimax- Curve I indicates the thermal stress of ceramics
having a significant temperature dependence of ther-
mal conductivity and thermal diffusivity (4 =3, B =5
as typical examples). Curve I, indicates thermal stress
of ceramics having only temperature dependence of
thermal diffusivity (4 = 0, B = 5). The temperature
dependence of thermal properties was not considered
for curve I, thatis A = B = 0. The subscript q refers
to the rapid cooling condition.

Comparing the three curves, we note that the
Omax Of curve I, was smaller than that of curve III,.
The temperature gradient near the surface becomes
less sharp because of the introduction of large
non-dimensional thermal conductivity as the
denominator to the equation of the boundary
condition, Equation 4. Consequently, the specimen
was entirely cooled in a short time. For ceramics
having only the temperature dependence of thermal
diffusivity, the o}, of curve II, was larger than that
for curve IIL,. As the change in temperature near the
surface is enhanced, the temperature difference
between the surface and inside increases, resulting in
a large thermal stress in the specimen.

The temperature distribution of the specimen is
shown in Fig. 2, when the maximum thermal stress for
curves I, and II, is generated. Average temperatures,
T,., at maximum thermal stress and cf,, are also
shown schematically. The values of nk,, were 0.037 at
curve I, and 0.023 at curve I, respectively. The small
temperature gradient near the surface is shown for the
ceramics having both temperature dependences, that
is for curve I, while a sharp temperature gradient is
shown for the ceramics having thermal conductivity
independent of temperature. The average temperature
of the specimen, Ty, was hardly affected by the tem-
perature dependence. The difference between surface
temperature and Ty, corresponded to off,, at rapid
cooling. Therefore, large o, was observed for the
ceramics having the thermal conductivity independent
of temperature.

The Fourier number n¥,; at maximum thermal
stress changed with the sign of temperature coeffi-
cients A and B. When the coefficients are positive
(i.e. increasing thermal conductivity and diffusivity
with decreasing temperature), n%,, shifted towards the
short-time side. The large temperature difference in
the specimen was generated and observed for a short
time. When the coefficients are negative, ., shifted
towards the opposite, long-time side. The c};,, and
Nkax in the specimen were affected by the temperature
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Figure 1 Changes of thermal stress on the specimen surface with
Fourier number under rapid cooling. Specimens had different
temperature coefficients 4 and B, but constant Biot number p; = 5.
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Figure 2 Temperature distribution of the specimen under rapid
cooling near the maximum thermal stress. Temperature coefficients
agree with those in Fig. 1.

dependence of the thermal conductivity and diffu-
sivity, but the former dependence was more predom-
inant than the latter.

4.2.2. Rapid heating condition
The changes of thermal stress. at the specimen centre
with time are shown in Fig. 3 under rapid heating. The
maximum in each curve corresponded to of,,. The
curves had different temperature constants 4 and B,
which corresponded to those under rapid cooling, but
the sign became the opposite. The essential temper-
ature dependence of thermal properties in curves Iy,
11, and III, agreed with that in Fig. 1, respectively.
The subscript h indicates the rapid heating condition.
The ok, of curve I, was larger, and that of curve I,
was smaller, than that of curve IIl,. However, the
difference between these values and the effects of tem-
perature dependence of thermal properties were small
compared with those at rapid cooling. Temperature
distributions in the specimen at the maximum thermal
stress for curves I, and II,, are shown in Fig. 4. The
k. at rapid heating decreased approximately by
one-half compared with that at rapid cooling. The
fracture origin is the centre of the specimen on heating,
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Figure 3 Changes of thermal stress on the specimen surface with
Fourier number under rapid heating. Specimens had different
temperature coefficients 4 and B, but constant Biot number $; = 5.
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Figure 4 Temperature distribution of the specimen under rapid
heating near the maximum thermal stress. Temperature coefficients
agree with those in Fig. 3.

but on the surface on cooling. Therefore, the difference
between the centre temperature and the average tem-
perature becomes small on rapid heating, resulting
in small c%,,. The nZ,, on heating elongated signifi-
cantly compared with that on cooling. The slow
change in temperature in the centre caused this large
Timax-

The effect of the temperature dependence of thermal
conductivity and diffusivity on the thermal shock test
was different between the heating and cooling tests.
Maximum thermal stress decreased on cooling, but
increased on heating for the ceramics having the
temperature dependence of thermal conductivity. The
thermal shock resistance parameter on cooling or
heating cannot be compared without considering the
temperature dependence of thermal properties.

4.3. Applied conditions of the correlative
equation

The adequate temperature coefficients, A, B, and Biot
number, f3;, must be estimated to utilize the correlative
equation of ¢, and n,, in the applied temperature
region. On calculation, the recommended correlative
equations can be used for the materials having A and
B values ranging from —1 to 5. The applied condi-
tions for ceramics are detailed below.

The temperature dependence of thermal conduc-
tivity, A4, is relatively constant because of the small
temperature difference in the rapid cooling test. Where
the thermal diffusivity is defined to be x = A/pC,, the
temperature dependence of thermal diffusivity, B, con-
tributes to those of thermal conductivity and specific
heat. Most ceramics are considered to have 4 and
B values ranging from 0-5.

The initial temperature, 6;, indicates the heating
temperature on cooling and the room temperature on
heating tests, respectively. Therefore, the temperature
coefficients 4 and B on heating have the opposite sign
and reciprocal number of those on cooling. The range
of coefficients A and B during the heating test was
considered to be from —1 to 0 for most ceramics.

The range of Biot number, B;, was considered to be
I < B; < 50 for both thermal shock tests. This number
changes due to the thermal conduction condition be-
tween the specimen surface and the surrounding me-
dium (i.e. water, oil or air). However, because f; can be
controlled by changing the specimen size, /, the above
range was considered to be reasonable in practice.
A large specimen was often necessary for the thermal
shock test.

4.4. Critical temperature difference, A0,

The thermal shock resistance of ceramics was
frequently evaluated by the water quenching method
in the literature, where A0, was obtained from the
drastic decrease of strength at a given temperature
difference. Substituting the correlative equation of
ok, into of = oi/aEAO, = R/AD,, where R is
thermal shock resistance parameter, 6, is given by

Aec = R[as - bs/Bi + (1 — as)eXP(Cs/Bi + ds)]
(19)
on rapid cooling

AB. = Rle +f/Bi + gsexp(—2/B)]  (20)
on rapid heating

The parameters a,—g, are listed in Table I. The
relation between A6, and B for the ceramics having
a temperature dependence of thermal properties is
shown in Fig. 5. The curves were obtained from the
curve I, in Fig. 1 and curve I, in Fig. 3, where the
essential temperature dependences were the same. The
dotted lines in the figure indicate the fracture limit
under which ceramics were not fractured by a thermal
shock. A significantly different A0, was observed in the
cooling or heating test. A different o,,,, was generated
with a different fracture origin. A rapid change of
temperature on the surface generated large thermal
stress on cooling, whereas a slow change in the centre
caused low thermal stress on heating.

For ceramics having a temperature dependence
of thermal properties, a sharp change of A8, was
observed with B;. A remarkably different A8, was
obtained even with a small change in test conditions.
Therefore, several A8, values must be measured. by
changing B;, using several specimen sizes or different
surrounding conditions. In practice, it was most
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Figure 5 Changes of critical temperature difference with Biot
number and each fracture limit. Curves show the rapid heating and
cooling of the same ceramics.

convenient to change the specimen size. A thermal
shock test must be performed with several specimen
sizes to obtain the exact constant R. The difference
between A6, obtained by cooling and heating changes
not only with thermal conductivity and diffusivity, but
also with the temperature dependence. Adequate
ceramics must be selected for industrial thermal
conditions on the basis of the above heat parameters.

4.5. Confirmation of the thermal shock test
The A8, and of,, are constants at a given condition
and can be obtained by the thermal shock test. How-
ever, the contribution of the elastic strain energy to
fracture must be noted. The fracture occurred either
by thermal stress or elastic strain energy. This fracture
criterion must be determined by measuring time to
failure. If the measured time to failure agrees with that
calculated from the correlative equation of n¥,,, only
thermal stress contributes to the fracture of the ce-
ramics. The fracture caused in connection with strain
energy prolongs the time to failure. Therefore, these
thermal shock test data must be excluded from the
calculation. It is also important to obtain the exact
time to failure in the experiment.

5. Conclusions

The thermal stress and Fourier number were obtained
from the numerical calculation, supposing the heat
conduction to be a one-dimensional problem. Non-
dimensional thermal conductivity and diffusivity were
used as a function of temperature in the calculation.
The following conclusions were obtained.

1. Correlative equations of maximum thermal
stress, 6%,,, and Fourier number, nk,,, were proposed
using temperature correlations of thermal properties.

2. For the rapid cooling test, o¥,, and n,, were
affected by the temperature dependence of thermal
conductivity and diffusivity. The former dependence
was more predominant than the latter.

3. The o¥,, at rapid heating decreased approxim-
ately by one-half, independently of temperature cor-
relations, compared with that at rapid cooling.
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4. For ceramics having a temperature dependence
of thermal properties, a sharp change of critical tem-
perature difference, AQ,, was observed with Biot num-
ber, B;. A remarkably different A8, was obtained even
with a small change in test conditions. Therefore,
several AB, values must be measured by changing B; to
evaluate the thermal shock resistance.

5. The fracture criterion can be assumed by com-
parison of measured and calculated time to fracture.
If the measured time agrees with that calculated from
the correlative equations, only thermal stress contrib-
utes to the fracture of the ceramics.

Appendix. Thermal conduction equation
on rapid cooling or heating
of an infinite plate
The heat conduction equation for an infinite plate,
which was heated or cooled uniformly on both sur-
faces, is given with initial and boundary condi-
tions by

0/0E[x*(@T/0E)] = oT/omy (A1)
T =0 atmn; =0 (A2)
OT/OE = 0 at& = 0 (A3)

£0T/0E = B(T — /A" atg = 1 (Ad)

Non-dimensional thermal conductivity, A*, and
thermal diffusivity, k*, in the above equations were
expressed as a function of temperature, 6

Moo= WA = |+ AT (AS)

k* = x/x; = 1 + BT (A6)

where T is non-dimensional temperature shown as
(6 — 0,)/(6; — 0,) with temperature, 0.

Equations A 1-4 were rearranged by the difference
method, using a single-valued function of temperature,
F, which was expressed below according to Goodman

T
F = f k*dT (A7)
0

Equation Al can be arranged, using 0F = «x*0T
to give

0/ot[oF/og] = (1/x*)[0F/om;]
;. Bf0E[x*(0F/0E)] = OF/om; (A8)

Substituting Equation A6 into Equation A7, we
have

I

F = T + (1/2)BT? (A9a)

or
T = (1/B)[1 + (I + 2BF)2]  (A9b)

Because T is always positive, the above equation is
also given by

T =(1/B)[1 + (1 + 2BF)"?] (A10)



Substituting Equation A2 into Equation A9a gives
F =0 atn; = 0 (A1)

Using (1/x®)[0F/0£] =0 from Equation A3 and

OF = x*0T from Equation A7 yields
OFfRE = 0 at&=0 (A12)

The following equation was then obtained from Equa-

tion A4, using factor F
T OF0E = BT — Dx*/a* (A13)

The following equation is introduced into the above
equation

Fo = T —1 = (1/)B[1 + (1 + 2BF)"*] -1
(A14)
The boundary condition may be stated
+ OFf0 = BiFe[x*/h*] at& = 1 (Al

Therefore, the rearranged heat equation and condi-
tions are as follows

0/0E[k*(3F/0T)] = OF/om;
F =0

(A16)

atm; = 0 (A17)

OF/0t = 0 atf = 0 (A18)
T OF/0E = BiF[x*/A*] at & = 1 (Al9)
in which F; = 1/B[1 + (1 + 2BF)'2] — 1.
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